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We study the existence and approximate controllability of a class of fractional nonlocal delay semilinear dif-
ferential systems in a Hilbert space. The results are obtained by using semigroup theory, fractional calculus,
and Schauder’s fixed point theorem. Multi-delay controls and a fractional nonlocal condition are introduced.
Furthermore, we present an appropriate set of sufficient conditions for the considered fractional nonlocal multi-
delay control system to be approximately controllable. An example to illustrate the abstract results is given.
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1 Introduction
We are concerned with the fractional delay control system
CDαt u(t) +Au(t) = F (t,Wδ(t)) + Vσ(t) (1)
subject to the fractional nonlocal condition
LD1−αt [u(0)− u0] = h[u(t)], (2)
where the unknown u(·) takes its values in a Hilbert space H with norm ‖ · ‖, CDαt and
LD1−αt
are the Caputo and Riemann-Liouville fractional derivatives with 0 < α ≤ 1 and t ∈ J =
[0, a], respectively. Let −A be a closed linear operator defined on a dense set S that generates
a C0−semigroup Q(t), t ≥ 0, of bounded operators on H, u0 ∈ S. We assume that Wδ =
(A1uδ1 , . . . , Apuδp) and Vσ = (B1µσ1 + · · · + Bqµσq) are such that {Ai(t) : i = 1, . . . , p, t ∈ J}
is a family of closed linear operators defined on dense sets S1, . . . , Sp ⊃ S from H into H and
{Bj(t) : U → H, j = 1, . . . , q, t ∈ J} is a family of bounded linear operators. The control
function µ belongs to the space L2(J,U), a Hilbert space of admissible control functions with U
as a Hilbert space, δi, σj : J → J
′ are delay arguments, i = 1, . . . , r, j = 1, . . . , s, and J ′ = [0, t].
The operators F : J ×Hp → H and h : C(J : H)→ H are given abstract functions.
During the last decades, fractional differential equations have attract the attention of
many mathematicians, physicists and engineers — see, e.g., Agarwal et al. (2010), Debbouche
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(2011a), Debbouche et al. (2012), El-Sayed (1996), Lakshmikantham and Vatsala (2008),
Wang and Zhou (2011). The reason is that real phenomena, such as dielectric and electrode-
electrolyte polarization, electromagnetic waves, earthquakes, fluid dynamics, traffic, viscoelas-
ticity and viscoplasticity, can be described successfully and more accurately using fractional mod-
els — see Kilbas et al. (2006), Mozyrska and Torres (2010, 2011), Podlubny (1999), Samko et al.
(1993). Fractional evolution equations with nonlocal conditions have been studied in many works
— see Debbouche (2010, 2011b), N’Gue´re´kata (2009), Zhou and Jiao (2010a) and references
therein. Existence results to evolution equations with nonlocal conditions in a Banach space
were first studied in Byszewski (1991a,b). In Deng (1993) it is shown that, using the nonlocal
condition u(0)+h(u) = u0 to describe, for instance, the diffusion phenomenon of a small amount
of gas in a transparent tube, can give better results than using the standard local Cauchy con-
dition u(0) = u0. According to Deng (1993), function h takes the form h(u) =
∑p
k=1 cku(tk),
where ck, k = 1, . . . , p, are given constants and 0 ≤ t1 < · · · < tp ≤ a. In Wang et al. (2012a) the
controllability of semilinear fractional differential equations with nonlocal conditions in a Banach
space is investigated through the Mo¨nch fixed point theorem, where the semigroup generated by
the linear part is not necessarily compact but the nonlinear term satisfies some weak compactness
condition. The existence of mild solutions for impulsive fractional evolution Cauchy problems
involving Caputo fractional derivatives is discussed in Wang et al. (2011) by means of the the-
ory of operators semigroup and probability density functions via impulsive conditions, while the
solvability and optimal control of a class of fractional integrodifferential evolution systems with
an infinite delay in Banach spaces is studied in Wang et al. (2012c): a concept for solution is
introduced, existence and continuous dependence of solutions are investigated, and existence
of optimal controls proved. In Wang et al. (2012d) optimal feedback control laws for Lagrange
problems subject to semilinear fractional-order systems in Banach spaces are established.
Exact controllability of fractional order systems has been proved by many au-
thors: Arjunan and Kavitha (2011), Debbouche and Baleanu (2011, 2012), Triggiani (1977),
Wang et al. (2012b). The main tool is to convert the controllability question into a fixed point
problem with the assumption that the controllability operator has an induced inverse on a
quotient space. To prove controllability, an assumption that the semigroup (resp. resolvent oper-
ator) associated with the linear part is compact is then often made. However, if the compactness
condition holds on the bounded operator that maps the control function or the generated C0-
semigroup, then the controllability operator is also compact and its inverse does not exist if the
state space is infinite dimensional — see Triggiani (1977). Thus, the concept of exact controlla-
bility is too strong in infinite dimensional spaces and the approximate controllability notion is
more appropriate.
Approximate controllability of integer order systems has been proved in several works. In
contrast, papers dealing with the approximate controllability of fractional order systems are
scarce. Recently, the subject was addressed in Sakthivel et al. (2011), Sakthivel and Ren (2012),
while sufficient conditions for the (delay) approximate controllability of fractional order sys-
tems, in which the nonlinear term depends on both state and control variables, are investigated
in Kumar and Sukavanam (2012), Sukavanam and Kumar (2011), and the case of partial neu-
tral fractional functional differential systems with a state-dependent delay is considered in Yan
(2012).
Our main objective is to study the approximate controllability of semilinear fractional control
systems, where the control function depends on multi-delay arguments and where the nonlocal
condition is fractional. The result is obtained under the assumption that the associated linear
system is approximately controllable. In particular, the controllability question is transformed
to a fixed point problem for an appropriate nonlinear operator in a function space. For that
we need to construct a suitable set of sufficient conditions. The paper is organized as follows:
in Section 2, we present some essential definitions of fractional calculus and basic facts in the
semigroup theory that will be used to obtain our main results. In Section 3, we state and prove
existence and approximate controllability results for problem (1)–(2). Finally, in Section 4 we
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illustrate the new results of the paper with an example.
2 Preliminaries
In this section, we introduce some basic definitions, notations and lemmas, which will be used
throughout the work. In particular, we give necessary properties of fractional calculus (see
Kilbas et al. (2006), Podlubny (1999), Samko et al. (1993)) and some fundamental facts in semi-
group theory (see Hille and Phillips (1957), Pazy (1983), Zaidman (1979)).
Let (H, ‖·‖) be a Hilbert space, C(J,H) denote the Hilbert space of continuous functions from
J into H with the norm ‖u‖J = sup{‖u(t)‖ : t ∈ J}, and L(H) be the Hilbert space of bounded
linear operators from H to H. Further, let E(H) be the space of all bounded linear operators
from H to H with the norm ‖G‖E(H) = sup{‖G(u)‖ : ‖u‖ = 1}, where G ∈ E(H) and u ∈ H.
Throughout the paper, let −A be the infinitesimal generator of the C0−semigroup Q(t), t ≥ 0,
of uniformly bounded linear operators on H. Clearly, M = supt∈[0,∞) ‖Q(t)‖ <∞.
Definition 2.1: The fractional integral of order α > 0 of a function f ∈ C([0,∞)) is given by
Iαf(t) :=
1
Γ(α)
∫ t
0
f(s)
(t− s)1−α
ds, t > 0,
where Γ is the gamma function, provided the right-hand side is point-wise defined on [0,∞).
Definition 2.2: The Riemann–Liouville derivative of order α > 0 of a function f ∈ C([0,∞))
is given by
LDαf(t) :=
1
Γ(n− α)
dn
dtn
∫ t
0
f(s)
(t− s)α+1−n
ds, t > 0,
where n ∈ N is such that n− 1 < α < n.
Definition 2.3: The Caputo derivative of order α > 0 of a function f ∈ C([0,∞)) is given by
CDαf(t) := LDα
(
f(t)−
n−1∑
k=0
tk
k!
f (k)(0)
)
, t > 0,
where n ∈ N is such that n− 1 < α < n.
Remark 1 : The following properties hold:
(1) If f ∈ Cn([0,∞)), then
CDαf(t) =
1
Γ(n− α)
∫ t
0
f (n)(s)
(t− s)α+1−n
ds = In−αfn(t), t > 0, n− 1 < α < n.
(2) The Caputo derivative of a constant is equal to zero.
(3) If f is an abstract function with values in H, then the integrals which appear in Defini-
tions 2.1–2.3 are taken in Bochner’s sense.
According to previous definitions, it is suitable to rewrite the problem (1)–(2) in the equivalent
integral form
u(t) = u(0) +
1
Γ(α)
∫ t
0
(t− s)α−1[−Au(s) + F (s,Wδ(s)) + Vσ(s)]ds. (3)
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Remark 2 : We note that:
(1) For the nonlocal condition, the function u(0) is dependent on t.
(2) The Riemann–Liouville fractional derivative of u(0)−u0 is well defined and
LD1−αt u0 6= 0.
(3) The function u(0) takes the form u0 + v0 +
1
Γ(1−α)
∫ t
0
h[u(s)]
(t−s)α ds, where u(0)− u0|t=0 = v0.
(4) The explicit and implicit integrals given in (3) exist (taken in Bochner’s sense).
Definition 2.4: A state u ∈ C(J,H) is a mild solution of (1)–(2) if, for each control µ ∈
L2(J,U), it satisfies the following integral equation:
u(t) = Sα(t)
[
u0 + v0 +
1
Γ(1− α)
∫ t
0
h[u(s)]
(t− s)α
ds
]
+
∫ t
0
(t−s)α−1Tα(t−s)[F (s,Wδ(s))+Vσ(s)]ds,
where
Sα(t) =
∫
∞
0
ζα(θ)Q(t
αθ)dθ, Tα(t) = α
∫
∞
0
θζα(θ)Q(t
αθ)dθ,
ζα(θ) =
1
α
θ−1−
1
α̟α(θ
−
1
α ) ≥ 0, ̟α(θ) =
1
π
∞∑
n=1
(−1)n−1θ−αn−1
Γ(nα+ 1)
n!
sin(nπα), θ ∈ (0,∞).
Remark 3 : In Definition 2.4, ζα is a probability density function defined on (0,∞), that is,
ζα(θ) ≥ 0, θ ∈ (0,∞), and
∫
∞
0 ζα(θ)dθ = 1 (compare with Debbouche and El-Borai (2009),
El-Borai (2002); see also Zhou and Jiao (2010a,b)).
The following lemma can be found in Debbouche and El-Borai (2009), Zhou and Jiao (2010b).
Lemma 2.5: The operators Sα(t) and Tα(t) have the following properties:
(1) For any fixed t ≥ 0, the operators Sα(t) and Tα(t) are linear and bounded, i.e., for any
u ∈ H, ‖Sα(t)u‖ ≤M‖u‖ and ‖Tα(t)u‖ ≤
Mα
Γ(1+α)‖u‖.
(2) {Sα(t), t ≥ 0} and {Tα(t), t ≥ 0} are strongly continuous, i.e., for u ∈ H and 0 ≤ t1 <
t2 ≤ a, one has ‖Sα(t2)u− Sα(t1)u‖ → 0 and ‖Tα(t2)u− Tα(t1)u‖ → 0 as t1 → t2.
Motivated by the recent works of Debbouche and Baleanu (2011), Kumar and Sukavanam
(2012), Sakthivel and Ren (2012), Sakthivel et al. (2011), Yan (2012), we make use of the fol-
lowing notions and lemmas.
Let ua(u(0);µ) be the state value of (1)–(2) at terminal time a, corresponding to the control
µ and the nonlocal value u(0). For every u0, v0 ∈ H, we introduce the set
R(a, u(0)) :=
{
ua
(
u0 + v0 +
1
Γ(1− α)
∫ t
0
h[u(s)]
(t− s)α
ds;µ
)
(0) : µ(·) ∈ L2(J,U)
}
,
which is called the reachable set associated with (1)–(2) at terminal time a. Its closure in H is
denoted by R(a, u(0)).
Definition 2.6: The system (1)–(2) is said to be approximately controllable on J if
R(a, u(0)) = H, that is, given an arbitrary ǫ > 0, it is possible to steer in time a the sys-
tem from point u(0) to all points in the state space H within a distance ǫ.
Consider the following linear nonlocal fractional multi-delay control system:
CDαt u(t) +Au(t) = B1µ(σ1(t)) + · · ·+Bqµ(σq(t)), (4)
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LD1−αt [u(0)− u0] = h[u(t)]. (5)
The approximate controllability for the linear fractional nonlocal multi-delay control system (4)–
(5) is a natural generalization of the notion of approximate controllability of a linear first-order
control system (α = 1, σj(t) = t, j = 1 and h = 0). It is convenient at this point to introduce
the multi-delay controllability operator associated with (4)–(5). One has
Γa0,σj =
∫ a
0
(a− s)α−1Tα(a− s)BjB
∗
jT
∗
α(a− s)ds, j = 1, . . . , q,
where B∗j denotes the adjoint of Bj and T
∗
α(t) is the adjoint of Tα(t). We introduce here the new
operator Γa0,σ = Γ
a
0,σ1,...,σq of multi-delay controllability associated with (4)–(5) as
Γa0,σ :=
∫ a
0
(a− s)α−1Tα(a− s)[B1B
∗
1 + · · ·+Bq−1B
∗
q−1 +BqB
∗
q ]T
∗
α(a− s)ds.
It is straightforward to see that Γa0,σ is a linear bounded positive operator. The following
lemma is proved in Bashirov and Mahmudov (1999) for linear positive operators in Hilbert
spaces, while a Banach space version is given in Mahmudov (2003). See also Sakthivel et al.
(2011), Sakthivel and Ren (2012).
Lemma 2.7: Let R(β,Γa0,σ) = (βI + Γ
a
0,σ)
−1 for β > 0. The linear fractional control system
(4)–(5) is approximately controllable on J if and only if βR(β,Γa0,σ) → 0 as β → 0
+ in the
strong operator topology.
In the sequel we use Schauder’s fixed point theorem that can be found in any standard textbook
of Functional Analysis (see, e.g., (Granas and Dugundji 2003, Theorem 3.2, p. 119) or (Smart
1974, Theorem 4.1.1, p. 25)):
Lemma 2.8: If Ω is a closed bounded and convex subset of a Banach space X and ψ : Ω→ Ω
is completely continuous, then ψ has a fixed point in Ω.
3 Main results
We now formulate and establish our results on the approximate controllability of the nonlocal
delay system (1)–(2). With this purpose, firstly we prove the existence of solutions for the
fractional control system (1)–(2) by using Schauder’s fixed point theorem (Lemma 2.8). Then,
we show that under certain assumptions, the approximate controllability of the fractional system
(1)–(2) is implied by the approximate controllability of the corresponding linear system (4)–(5).
Before starting, we make the following hypotheses:
(H1) The semigroup Q(t) is a compact operator for t > 0.
(H2) For each t ∈ J , the function F (t, ·) : S1 × · · · × Sp → H is continuous and for each
Wδ ∈ C[(J
′, S1)×· · ·×(J
′, Sp);H], in particular, for every element u ∈ ∩iSi, i = 1, . . . , p,
the function F (·,Wδ) : J → H is strongly measurable.
(H3) There exist functions mi ∈ L
1
1−α (J ′,R+) such that |F (t,Wδ(t))| ≤ m1(δ1(t)) + · · · +
mp(δp(t)) for all u ∈ ∩iSi, 0 < α < 1, i = 1, . . . , p, and almost all t ∈ J
′.
(H4) The function h : C(J : H)→ H is bounded in H, that is, there exists a constant k1 > 0
such that ‖h(u)‖H ≤ k1.
(H5) The delay arguments δi, σj : J → J
′ are absolutely continuous and satisfy |δi(t)| ≤ t and
|σj(t)| ≤ t, for every t ∈ J , i = 1, . . . , r and j = 1, . . . , s.
(H6) The function F : J × H
p → H is continuous and uniformly bounded and there exist
Nδ1 , . . . , Nδp > 0 such that ‖F (t,Wδ(t))‖ ≤ Nδ1 + · · · +Nδp for all (t,Wδ) ∈ J ×H
p.
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For the proof of our Theorem 3.2, we make use of Lemma 3.1 whose proof can be found in
Zhou and Jiao (2010b).
Lemma 3.1: If the assumption (H1) is satisfied, then Sα(t) and Tα(t) are also compact oper-
ators for every t > 0.
Theorem 3.2 : If the hypotheses (H1)–(H5) are satisfied, then the fractional nonlocal semilin-
ear delay control system (1)–(2) has a mild solution on J ; here Mi = ‖mi‖
L
1
1−α (J ′)
, i = 1, . . . , p,
and MBj = ‖Bj‖, j = 1, . . . , q.
Proof Consider the set
Sr :=
{
u ∈ C(J,H)|u(0) = u0 + v0 +
1
Γ(1− α)
∫ t
0
h[u(s)](t− s)−αds, ‖u‖ ≤ r
}
,
where r is a positive constant. For β > 0, we define the operator ψβ on C(J,X) as follows:
(ψβu)(t) := z(t) with
z(t) := Sα(t)u(0) +
∫ t
0
(t− s)α−1Tα(t− s)[F (s,Wδ(s)) +B1v(σ1(s)) + · · · +Bqv(σq(s))]ds,
v(σ1(·)) := B
∗
1 , . . . , v(σq−1(·)) := B
∗
q−1, v(σq(t)) := B
∗
qT
∗
α(a− t)R(β,Γ
a
0,σ)p(u(·)), and
p(u(·)) := ua − Sα(a)u(0) −
∫ a
0
(a− s)α−1Tα(a− s)F (s,Wδ(s))ds.
In order to show that for all β > 0 the operator ψβ from C(J,H) into itself has a fixed point,
we divide the proof into several steps. Step 1. For β > 0, there is a positive constant r0 = r(β)
such that ψβ : Sr0 → Sr0 . For any positive constant r and u ∈ Sr, and since Wδ(t) is continuous
in t, according to assumption (H2) F (t,Wδ(t)) is a measurable function on J as well as function
(t− s)α−1 ∈ L
1
α (J ′). Using (1) of Lemma 2.5, (H3) and Ho¨lder’s inequality, we get:
‖z(t)‖ ≤M‖u(0)‖ +
Mα
Γ(1 + α)
∫ t
0
(t− s)α−1‖F (s,Wδ(s)) +B1v(σ1(s)) + · · ·+Bqv(σq(s))‖ds
≤M
[
‖u0‖+ ‖v0‖+
k1a
1−α
Γ(2− α)
]
+
αMααa2α−1
Γ(1 + α)(2α − 1)α
[
M1 + · · ·+Mp +M
2
B1
+ · · · +M2Bq−1 +MBq‖v(σq(s))‖
]
and
‖v(σq(t))‖ =
1
β
MBqM
[
‖ua‖+M‖u(0)‖ +
αMααa2α−1 (M1 + · · ·+Mp)
Γ(1 + α)(2α − 1)α
]
.
We deduce that for large enough r0 > 0, the inequality ‖(ψβu)(t)‖ ≤ r0 holds, i.e., (ψβu) ∈ Sr0 .
Therefore, ψβ maps Sr0 into itself. Step 2. For each 0 < α ≤ 1, the operator ψβ maps Sr0 into a
relatively compact subset of Sr0 . Based on the infinite-dimensional version of the Ascoli-Arzela
theorem, we show that: (i) the set V (t) := {(ψβu)(t) : u(·) ∈ Sr0} is relatively compact in H for
any t ∈ J ; (ii) the family of functions {(ψβu), u ∈ Sr0} is relatively compact (for this, it suffices
to prove that V (t) is bounded and equicontinuous). We begin by proving (i). Let t be a fixed
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real number, and let τ be a given real number satisfying 0 ≤ τ < t. For any η > 0, define
(ψτ,ηβ u)(t) =
∫
∞
η
ζα(θ)Q(t
αθ)
[
u0 + v0 +
1
Γ(1− α)
∫ t−τ
0
(t− s)−αh(u(s))ds
]
dθ
+ α
∫ t−τ
0
∫
∞
η
(t− s)α−1θζα(θ)Q ((t− s)
αθ)F (s,Wδ(s))dθds
+ α
∫ t−τ
0
∫
∞
η
(t− s)α−1θζα(θ)Q((t− s)
αθ)Vσ(s)dθds
= Q(ταη)
∫
∞
η
ζα(θ)Q(t
αθ − ταη)
[
u0 + v0 +
1
Γ(1− α)
∫ t−τ
0
(t− s)−αh(u(s))ds
]
dθ
+Q(ταη)α
∫ t−τ
0
∫
∞
η
(t− s)α−1θζα(θ)Q((t− s)
αθ − ταη)F (s,Wδ(s))dθds
+Q(ταη)α
∫ t−τ
0
∫
∞
η
(t− s)α−1θζα(θ)Q((t− s)
αθ − ταη)Vσ(s)dθds
:= Q(ταη)y(t, τ).
Because Q(ταη) is compact and y(t, τ) is bounded on Sr0 , {(ψ
τ,η
β u)(t) : u(·) ∈ Sr0} is a relatively
compact set in H. On the other hand,
‖(ψβu)(t)− (ψ
τ,η
β u)(t)‖
=
∥∥∥∥
∫ η
0
ζα(θ)Q(t
αθ)
[
u0 + v0 +
1
Γ(1− α)
∫ t
0
(t− s)−αh(u(s))ds
]
dθ
+
∫
∞
η
ζα(θ)Q(t
αθ)
[
u0 + v0 +
1
Γ(1− α)
∫ t
t−τ
(t− s)−αh(u(s))ds
]
dθ
∥∥∥∥
+ α
∥∥∥∥
∫ t
0
∫ η
0
(t− s)α−1θζα(θ)Q((t− s)
αθ)[F (s,Wδ(s)) + Vσ(s)]dθds
+
∫ t
t−τ
∫
∞
η
(t− s)α−1θζα(θ)Q((t− s)
αθ)[F (s,Wδ(s)) + Vσ(s)]dθds
∥∥∥∥
≤M
{[
‖u0‖+ ‖v0‖+
k1a
1−α
Γ(2− α)
] ∫ η
0
ζα(θ)dθ +
[
‖u0‖+ ‖v0‖+
k1τ
1−α
Γ(2− α)
]}
+
αMααa2α−1
Γ(1 + α)(2α − 1)α
{
M1 + · · ·+Mp +M
2
B1
+ · · ·+M2Bq−1
+
1
β
M2BqM
[
‖ua‖+M‖u(0)‖ +
αMααa2α−1(M1 + · · · +Mp)
Γ(1 + α)(2α − 1)α
]}∫ η
0
θζα(θ)dθ
+
αMαατ2α−1
Γ(1 + α)(2α − 1)α
{
M1 + · · ·+Mp +M
2
B1 + · · ·+M
2
Bq−1
+
1
β
M2BqM
[
‖ua‖+M‖u(0)‖ +
αMααa2α−1(M1 + · · · +Mp)
Γ(1 + α)(2α − 1)α
]}
.
This implies that there are relatively compact sets arbitrarily close to V (t) for each t ∈ (0, a].
Hence, V (t), t ∈ (0, a], is relatively compact in H. We now prove (ii). First we show that
V (t) := {(ψβu)(·) : u(·) ∈ Sr0} is an equicontinuous family of functions on [0, a]. For any u ∈ Sr0
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and 0 ≤ t1 ≤ t2 ≤ a,
‖z(t2)− z(t1)‖ ≤
∥∥∥∥Sα(t2)[u0 + v0 + 1Γ(1− α)
∫ t2
t1
(t2 − s)
−αh(u(s))ds]
∥∥∥∥
+
∥∥∥∥Sα(t2)[u0 + v0 + 1Γ(1− α)
∫ t1
0
[(t2 − s)
−α − (t1 − s)
−α]h(u(s))ds]
∥∥∥∥
+
∥∥∥∥[Sα(t2)− Sα(t1)][u0 + v0 + 1Γ(1− α)
∫ t1
0
(t1 − s)
−αh(u(s))ds]
∥∥∥∥
+
∥∥∥∥
∫ t2
t1
(t2 − s)
α−1Tα(t2 − s) [F (s,Wδ(s)) +B1v(σ1(s)) + · · ·+Bqv(σq(s))] ds
∥∥∥∥
+
∥∥∥∥
∫ t1
0
[(t2 − s)
α−1 − (t1 − s)
α−1]Tα(t2 − s) [F (s,Wδ(s)) +B1v(σ1(s)) + · · · +Bqv(σq(s))] ds
∥∥∥∥
+
∥∥∥∥
∫ t1
0
(t1 − s)
α−1[Tα(t2 − s)− Tα(t1 − s)] [F (s,Wδ(s)) +B1v(σ1(s)) + · · · +Bqv(σq(s))] ds
∥∥∥∥
≤ I1 + I2 + I3 + I
∗
1 + I
∗
2 + I
∗
3 .
We have
I1 ≤M
{
‖u0‖+ ‖v0‖+
k1(t2 − t1)
1−α
Γ(2− α)
}
,
I2 ≤M
{
‖u0‖+ ‖v0‖+
k1[(t2 − t1)
1−α + t1−α2 + t
1−α
1 ]
Γ(2− α)
}
,
I3 ≤ 2M
{
‖u0‖+ ‖v0‖+
k1t
1−α
1
Γ(2− α)
}
.
Using Ho¨lder’s inequality and assumption (H3), one gets
I∗1 ≤
αMαα(t2 − t1)
2α−1
Γ(1 + α)(2α − 1)α
[
M1 + · · ·+Mp +M
2
B1 + · · · +M
2
Bq−1 +MBq‖v(σq)‖
]
,
I∗2 ≤
αMαα(t2 − t1)
2α−1
Γ(1 + α)(2α − 1)α
[
M1 + · · ·+Mp +M
2
B1
+ · · · +M2Bq−1 +MBq‖v(σq)‖
]
.
Obviously, I∗3 = 0 for t1 = 0 and 0 < t2 ≤ a. For t1 > 0 and ǫ > 0 small enough, we obtain
I∗3 ≤
∫ t1−ǫ
0
(t1 − s)
α−1‖Tα(t2 − s)− Tα(t1 − s)‖
× [‖F (s,Wδ(s))‖+ ‖B1v(σ1(s))‖+ · · ·+ ‖Bqv(σq(s))‖]ds
+
∫ t1
t1−ǫ
(t1 − s)
α−1‖Tα(t2 − s)− Tα(t1 − s)‖
× [‖F (s,Wδ(s))‖+ ‖B1v(σ1(s))‖+ · · ·+ ‖Bqv(σq(s))‖]ds
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≤
αα[t
2α−1
α
1 − ǫ
2α−1
α ]α
Γ(1 + α)(2α − 1)α
[
M1 + · · ·+Mp +M
2
B1
+ · · ·+M2Bq−1 +MBq‖v(σq)‖
]
× sup
s∈[0,t1−ǫ]
‖Tα(t2 − s)− Tα(t1 − s)‖
+
2αMααǫ2α−1
Γ(1 + α)(2α − 1)α
[
M1 + · · · +Mp +M
2
B1 + · · ·+M
2
Bq−1 +MBq‖v(σq)‖
]
.
Note that I1, I2, I3, I
∗
1 , I
∗
2 → 0 as t2 − t1 → 0. Moreover, the assumption (H1) together with
Lemma 3.1 imply the continuity of Tα(t) in t in the uniform operator topology. It is easy to
verify that I∗3 tends to zero independently of u ∈ Sr0 as t2 − t1 → 0, ǫ → 0. Consequently,
I1 + I2 + I3 + I
∗
1 + I
∗
2 + I
∗
3 does not depend on the particular choices of u(·) and tends to zero
as t2 − t1 → 0, which means that {(ψβu), u ∈ Sr0} is equicontinuous. Therefore, ψβ [Sr0 ] is
equicontinuous and also bounded. By the Ascoli–Arzela theorem, ψβ [Sr0 ] is relatively compact
in C(J,H). On the other hand, it is easy to see that for all β > 0, ψβ is continuous on C(J,H).
Hence, for all β > 0, ψβ is a completely continuous operator on C(J,H). According to Schauder’s
fixed point theorem (Lemma 2.8), ψβ has a fixed point. Thus, the fractional nonlocal control
system (1)–(2) has a mild solution on J . 
Theorem 3.3 : Assume that (H1)–(H6) are satisfied and the linear system (4)–(5) is ap-
proximately controllable on J . Then the semilinear fractional nonlocal delay system (1)–(2) is
approximately controllable on J .
Proof Let uˆβ(·) be a fixed point of ψβ in Sr0 . By Theorem 3.2, any fixed point of ψβ is a mild
solution of (1)–(2) under the multi-delay controls


µˆβ(σ1(·)) = B
∗
1 ,
...
µˆβ(σq−1(·)) = B
∗
q−1,
µˆβ(σq(t)) = B
∗
qT
∗
α(a− t)R(β,Γ
a
0,σ)p(uˆβ),
and satisfies
uˆβ(a) = ua + βR(β,Γ
a
0,σ)p(uˆβ). (6)
From condition (H6), it follows that∫ a
0
‖F (s, Wˆβ(δ(s))‖
2ds ≤ a[Nδ1 + · · · +Nδp ]
2,
where Wˆβ(δ) = (A1uˆβ(δ1), . . . , Apuˆβ(δp)). Consequently, the sequence {F (t, Wˆβ(δ(t))}t∈J is
bounded in L2(J,H). Then there is a subsequence, denoted by {Fk(t, Wˆβ(δ(t))}t∈J , that con-
verges weakly to a function f(t) in L2(J,H). Define
ω := ua − Sα(a)u(0) −
∫ a
0
(a− s)α−1Tα(a− s)f(s)ds.
It follows that
‖p(uˆβ)− ω‖ =
∥∥∥∥
∫ a
0
(a− s)α−1Tα(a− s)[Fk(t, Wˆβ(δ(t)) − f(s)]ds
∥∥∥∥
≤ sup
t∈J
∥∥∥∥
∫ t
0
(t− s)α−1Tα(a− s)[Fk(t, Wˆβ(δ(t)) − f(s)]ds
∥∥∥∥ .
(7)
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Similarly as in the proof of Theorem 3.2, using the infinite-dimensional version of the Ascoli–
Arzela theorem one can show that the operator l(·) →
∫
·
0(· − s)Tα(· − s)l(s)ds : L2(J,H) →
C(J,H) is compact. Consequently, the right-hand side of the inequality (7) tends to zero as
β → 0+. Then, from (6), we obtain that
‖uˆβ(a)− ua‖ = ‖βR(β,Γ
a
0,σ)(ω)‖+ ‖βR(β,Γ
a
0,σ)‖‖p(uˆβ)− ω‖
≤ ‖βR(β,Γa0,σ)(ω)‖+ ‖p(uˆβ)− ω‖ → 0.
(8)
Using the inequality (7) and Lemma 2.7, we conclude that (8) tends to zero as β → 0+. Hence,
system (1)–(2) is approximately controllable on J . 
4 An example
Consider the fractional nonlocal partial multi-delay control system
∂αu(x, t)
∂tα
+ a(x)
∂2u(x, t)
∂x2
= Φ(t,Dpxu(x, δp(t))) +B
qµ(x, σq(t)) (9)
subject to
u(x, 0) = g(x) +
m∑
k=1
ck
Γ(1− α)
∫ tk
0
u(x, sk)
(tk − sk)α
dsk, x ∈ [0, π], (10)
u(0, t) = u(π, t) = 0, t ∈ J, (11)
where 0 < α ≤ 1, 0 < t1 < · · · < tm < a, Φ is given as F , and the function a(x) is continuous.
Let us take the operators Dpx and Bq as follows:
Dpxu(x, δp(t)) = (∂xu(x, sin t), ∂
2
xu(x, sin t/2), . . . , ∂
p
xu(x, sin t/p)),
Bqµ(x, σq(t)) = ξ(x, sin t) + ξ(x, sin t/2) + · · ·+ ξ(x, sin t/q),
such that the control function is µ(t) = ξ(·, t), where ξ : [0, π] × J → [0, π] is continuous, the
multi-delays δτ (t) = στ (t) = sin(t/τ), τ = 1, . . ., η, η = max(p, q), and the nonlocal function is
given by h(u(·, t)) =
∑m
k=1 cku(·, tk). Assume that
H = L2[0, π], Sr = {y ∈ L
2[0, π] : ‖y‖ ≤ r}.
We define A : H → H by (Aw)(x) = a(x)w′′ with the domain
D(A) = {w ∈ H : w,w′ are absolutely continuous, w′′ ∈ H,w(0) = w(π) = 0},
dense in the Hilbert space H. Then,
Aw =
∞∑
n=1
n2(w,wn)wn, w ∈ D(A),
where (·, ·) is the inner product in L2[0, π] and wn(t) =
√
2
π
sinntα, 0 < α ≤ 1, t ∈ J , n = 1, 2, . . .,
is the orthogonal set of eigenvectors in A. It is well known that A generates a compact, analytic
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and self-adjoint semigroup {Q(t), t ≥ 0} in H. For all t ≥ 0 and w ∈ H,
Q(t)w =
∞∑
n=1
e−n
2tα(w,wn)wn, ‖Q(t)‖ ≤ e
−t. (12)
Therefore, the problem (9)–(11) is a formulation of the control system (1)–(2). Moreover, all
the assumptions (H1)–(H6) hold. Then, the associated linear system of (9)–(11) is not exactly
controllable but it is approximately controllable. Indeed, since the semigroup Q(t) given by (12)
is compact, then the controllability operator is also compact and hence the induced inverse does
not exist because the state space is infinite dimensional. Thus, the concept of exact controllability
is too strong. On the other hand, we have λR(λ,Γa0,i) → 0 as λ → 0
+, i = 1, 2, in the strong
operator topology, which is a necessary and sufficient condition for the linear system to be
approximately controllable. Hence, by Theorems 3.2 and 3.3, the control system (9)–(11) is
approximately controllable on J .
Acknowledgments
This work was partially supported by FEDER funds through COMPETE – Operational Pro-
gramme Factors of Competitiveness (“Programa Operacional Factores de Competitividade”),
and by Portuguese funds through the Center for Research and Development in Mathematics
and Applications (CIDMA, University of Aveiro) and the Portuguese Foundation for Science
and Technology (“FCT – Fundac¸a˜o para a Cieˆncia e a Tecnologia”), within project PEst-
C/MAT/UI4106/2011 with COMPETE number FCOMP-01-0124-FEDER-022690. The authors
are grateful to FCT and CIDMA for the post-doc fellowship BPD/UA/CIDMA/2011, PD2012-
MTSC, and to three anonymous referees for valuable suggestions and comments, which improved
the quality of the paper.
References
R. P. Agarwal, V. Lakshmikantham and J. J. Nieto, On the concept of solution for fractional differential
equations with uncertainty, Nonlinear Anal. 72 (2010), no. 6, 2859–2862.
M. M. Arjunan and V. Kavitha, Controllability of impulsive fractional evolution integrodifferential equa-
tions in Banach spaces, J. Korean Soc. Ind. Appl. Math. 15 (2011), no. 3, 177–190.
A. E. Bashirov and N. I. Mahmudov, On concepts of controllability for deterministic and stochastic
systems, SIAM J. Control Optim. 37 (1999), no. 6, 1808–1821.
L. Byszewski, Theorems about the existence and uniqueness of solutions of a semilinear evolution nonlocal
Cauchy problem, J. Math. Anal. Appl. 162 (1991a), no. 2, 494–505.
L. Byszewski, Theorem about existence and uniqueness of continuous solution of nonlocal problem for
nonlinear hyperbolic equation, Appl. Anal. 40 (1991b), no. 2-3, 173–180.
A. Debbouche, Fractional evolution integro-differential systems with nonlocal conditions, Adv. Dyn. Syst.
Appl. 5 (2010), no. 1, 49–60.
A. Debbouche, Fractional nonlocal impulsive quasilinear multi-delay integro-differential systems, Adv.
Difference Equ. 2011 (2011a), no. 5, 10 pp.
A. Debbouche, Fractional nonlinear nonlocal delay evolution equations with new delay resolvent family,
J. Nonl. Evol. Equ. Appl. 2011 (2011b), no. 6, 91–100.
A. Debbouche and D. Baleanu, Controllability of fractional evolution nonlocal impulsive quasilinear delay
integro-differential systems, Comput. Math. Appl. 62 (2011), no. 3, 1442–1450.
A. Debbouche and D. Baleanu, Exact null controllability for fractional nonlocal integrodifferential equa-
tions via implicit evolution system, J. Appl. Math. 2012 (2012), Art. ID 931975, 17 pp.
A. Debbouche, D. Baleanu and R. P. Agarwal, Nonlocal nonlinear integrodifferential equations of frac-
tional orders, Bound. Value Probl. 2012 (2012), no. 78, 10 pp.
A. Debbouche and M. M. El-Borai, Weak almost periodic and optimal mild solutions of fractional evolu-
tion equations, Electron. J. Differential Equations 2009 (2009), no. 46, 8 pp.
12 REFERENCES
K. Deng, Exponential decay of solutions of semilinear parabolic equations with nonlocal initial conditions,
J. Math. Anal. Appl. 179 (1993), no. 2, 630–637.
M. M. El-Borai, Some probability densities and fundamental solutions of fractional evolution equations,
Chaos Solitons Fractals 14 (2002), no. 3, 433–440.
A. M. A. El-Sayed, Fractional-order diffusion-wave equation, Internat. J. Theoret. Phys. 35 (1996), no. 2,
311–322.
A. Granas and J. Dugundji, Fixed point theory, Springer Monographs in Mathematics, Springer, New
York, 2003.
E. Hille and R. S. Phillips, Functional analysis and semi-groups, American Mathematical Society Collo-
quium Publications, vol. 31, Amer. Math. Soc., Providence, RI, 1957.
A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and applications of fractional differential equa-
tions, North-Holland Mathematics Studies, 204, Elsevier, Amsterdam, 2006.
S. Kumar and N. Sukavanam, Approximate controllability of fractional order semilinear systems with
bounded delay, J. Differential Equations 252 (2012), no. 11, 6163–6174.
V. Lakshmikantham and A. S. Vatsala, Basic theory of fractional differential equations, Nonlinear Anal.
69 (2008), no. 8, 2677–2682.
N. I. Mahmudov, Approximate controllability of semilinear deterministic and stochastic evolution equa-
tions in abstract spaces, SIAM J. Control Optim. 42 (2003), no. 5, 1604–1622.
D. Mozyrska and D. F. M. Torres, Minimal modified energy control for fractional linear control systems
with the Caputo derivative, Carpathian J. Math. 26 (2010), no. 2, 210–221. arXiv:1004.3113
D. Mozyrska and D. F. M. Torres, Modified optimal energy and initial memory of fractional continuous-
time linear systems, Signal Process. 91 (2011), no. 3, 379–385. arXiv:1007.3946
G. M. N’Gue´re´kata, A Cauchy problem for some fractional abstract differential equation with non local
conditions, Nonlinear Anal. 70 (2009), no. 5, 1873–1876.
A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Math-
ematical Sciences, 44, Springer, New York, 1983.
I. Podlubny, Fractional differential equations, Mathematics in Science and Engineering, 198, Academic
Press, San Diego, CA, 1999.
R. Sakthivel and Y. Ren, Approximate controllability of fractional differential equations with state-
dependent delay, Results Math. (2012), DOI:10.1007/s00025-012-0245-y
R. Sakthivel, Y. Ren and N. I. Mahmudov, On the approximate controllability of semilinear fractional
differential systems, Comput. Math. Appl. 62 (2011), no. 3, 1451–1459.
S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives, translated from the
1987 Russian original, Gordon and Breach, Yverdon, 1993.
D. R. Smart, Fixed point theorems, Cambridge Univ. Press, London, 1974.
N. Sukavanam and S. Kumar, Approximate controllability of fractional order semilinear delay systems,
J. Optim. Theory Appl. 151 (2011), no. 2, 373–384.
R. Triggiani, A note on the lack of exact controllability for mild solutions in Banach spaces, SIAM J.
Control Optimization 15 (1977), no. 3, 407–411.
J. Wang, Z. Fan and Y. Zhou, Nonlocal controllability of semilinear dynamic systems with fractional
derivative in Banach spaces, J. Optim. Theory Appl. 154 (2012), no. 1, 292–302.
J. Wang, M. Fec˘kan and Y. Zhou, On the new concept of solutions and existence results for impulsive
fractional evolution equations, Dyn. Partial Differ. Equ. 8 (2011), no. 4, 345–361.
J. Wang, X. Li and W. Wei, On controllability for fractional differential inclusions in Banach spaces,
Opuscula Math. 32 (2012), no. 2, 341–356.
J. Wang and Y. Zhou, A class of fractional evolution equations and optimal controls, Nonlinear Anal.
Real World Appl. 12 (2011), no. 1, 262–272.
J. Wang, Y. Zhou and M. Medve ’d, On the solvability and optimal controls of fractional integrodifferential
evolution systems with infinite delay, J. Optim. Theory Appl. 152 (2012), no. 1, 31–50.
J. Wang, Y. Zhou and W. Wei, Optimal feedback control for semilinear fractional evolution equations in
Banach spaces, Systems Control Lett. 61 (2012), no. 4, 472–476.
Z. Yan, Approximate controllability of partial neutral functional differential systems of fractional order
with state-dependent delay, Internat. J. Control 85 (2012), no. 8, 1051–1062.
S. D. Zaidman, Abstract differential equations, Research Notes in Mathematics, 36, Pitman, Boston, MA,
1979.
Y. Zhou and F. Jiao, Nonlocal Cauchy problem for fractional evolution equations, Nonlinear Anal. Real
World Appl. 11 (2010a), no. 5, 4465–4475.
Y. Zhou and F. Jiao, Existence of mild solutions for fractional neutral evolution equations, Comput.
Math. Appl. 59 (2010b), no. 3, 1063–1077.
